Weak value measurements have recently given rise to a large interest for both the possibility of measurement amplification and the chance of further quantum mechanics foundations investigation. In particular, a question emerged about weak values being proof of the incompatibility between Quantum Mechanics and Non-Contextual Hidden Variables Theories (NCHVT). A test to provide a conclusive answer to this question was given in [M. Pusey, Phys. Rev. Lett. 113, 200401 (2014)], where a theorem was derived showing the NCHVT incompatibility with the observation of anomalous weak values under specific conditions. In this paper we realize this proposal, clearly pointing out the connection between weak values and the contextual nature of Quantum Mechanics.
Weak value measurements have recently given rise to a large interest for both the possibility of measurement amplification and the chance of further quantum mechanics foundations investigation. In particular, a question emerged about weak values being proof of the incompatibility between Quantum Mechanics and Non-Contextual Hidden Variables Theories (NCHVT). A test to provide a conclusive answer to this question was given in [M. Pusey, Phys. Rev. Lett. 113, 200401 (2014) ], where a theorem was derived showing the NCHVT incompatibility with the observation of anomalous weak values under specific conditions. In this paper we realize this proposal, clearly pointing out the connection between weak values and the contextual nature of Quantum Mechanics. In 1988 Aharonov, Albert and Vaidman introduced [1] weak value measurements [2] [3] [4] [5] , firstly realized in [6] [7] [8] [9] [10] [11] [12] [13] , that represent a new paradigm of quantum measurement where so little information is extracted from a single measurement that the state does not collapse. Weak values, i.e. weak measurements of an operator performed on an ensemble of pre-and post-selected states, present non-classical properties, assuming anomalous values (i.e. values outside the eigenvalue range of the observable). In the recent years they have been subject of a large interest both for the possibility of amplifying the measurement of small parameters [8, [14] [15] [16] and for their non-classical properties, allowing the investigation of fundamental aspects of quantum mechanics [3, 4, 17] . In particular, a question emerged about anomalous weak values constituting a proof of the incompatibility of quantum theory with Non-Contextual Hidden Variables Theories (NCHVT) [18] [19] [20] , i.e. theories assuming that a predetermined result of a particular measurement does not depend on which other observables are simultaneously measured [31] . The possibility of testing this connection was recently unequivocally demonstrated in [21] , showing that the mere observation of anomalous weak values is largely insufficient for this purpose, while non-contextuality is incompatible with the observation of anomalous weak values under specific experimental conditions. This result is of deep importance for understanding the role of contextuality in quantum mechanics, also in view of possible applications to quantum technologies. To properly define the connection between noncontextuality and weak values, in ref. [21] was presented and proved the following theorem, here in a form avoiding any (hidden) reference to Quantum Mechanics [22] : Theorem 1. Let us suppose to have a preparation procedure P ψi , a sharp measurement procedure M ψ f with outcomes "PASS" and "FAIL", and a non-destructive measurement procedure M W with outcomes x ∈ R, such that:
1. The pre-and post-selected states |ψ i and |ψ f are non-orthogonal, i.e.:
2. Ignoring the post-measurement state, M W is equivalent to a two-outcome measurement with unbiased noise, i.e.:
for some sharp measurement procedure M Π with outcomes "0" and "1", and probability distribution F (x) with median x = 0; 3. We can define a "probability of disturbance" p d such that, ignoring the outcome of M W , it affects the post-selection in the same way as mixing it with another measurement:
for some measurement procedure M d with outcomes "PASS" and "FAIL";
4. The values of x under the pre-and postselection have a negative bias that "outweighs" p d , i.e. for the quantity p − :=
Then there is no measurement non-contextual ontological model for the preparation P ψi , measurement M W , and post-selection on "PASS" of M ψ f satisfying outcome determinism for sharp measurements.
Here we present the very first experimental test of this theorem, performed by exploiting polarisation weak measurements on heralded single photons [23, 24] . In the framework of Quantum Mechanics, the preparation procedure P corresponds to the pre-selection of the polarisation state |ψ = cos θ|H + e iβ sin θ|V of our single photons, while the post-selection process M ψ f is represented by the projector |ψ f ψ f |, that yields for the probability p ψ f the equivalence
The nondestructive measurement procedure M W , instead, is implemented as a weak interaction induced by the unitary evolution U = exp(−ig Π ⊗ P ), being g the von Neumann coupling constant between the observable Π and a pointer observable P (see Fig.1 ). In our experiment, a single photon state is prepared in the initial state |φ = |ψ ⊗ |f x , with |f x = dxF (x)|x , where |F (x)| 2 = p n (x) is the probability density function of detecting the photon in the position x of the transverse spatial plane. The shape of p n (x) is Gaussian with good approximation, since the single photon guided in a single-mode optical fiber is collimated with a telescopic optical system (see Fig.2 ), and by experimental evidence we can assume the (unperturbed) p n (x) to be centered around zero with width σ. The single photon undergoes a weak interaction realized as a spatial walk-off induced in a birefringent crystal, described by the unitary transformation U . The probability of finding the single photon in the position x 0 of the transverse plane (see Eq. (2)) can be evaluated as:
where M x0 |ψ = x 0 | U |φ . The quantities P (1|P, M Π ) and P (0|P, M Π ) in Eq. (2) correspond respectively to the probability that the single photon undergoes or not the weak interaction in the crystal, i.e. P (1|P, M Π ) = ψ| Π|ψ and P (0|P, (Fig.2) consists of a 796 nm mode-locked Ti:Sapphire laser (repetition rate: 76 MHz), whose second harmonic emission pumps a 10 × 10 × 5 mm LiIO 3 nonlinear crystal, producing Type-I Parametric Down-Conversion (PDC). The idler photon (λ i = 920 nm) is coupled to a single-mode fiber (SMF) and then addressed to a Silicon Single-Photon Avalanche Diode (SPAD), heralding the presence of the correlated signal photon (λ s = 702 nm) that, after being SMF-coupled, is sent to a launcher and then to the free-space optical path where the weak values evaluation is performed. We have estimated the quality of our single-photon emission, obtaining a g (2) (0) value (or more properly a parameter α value [25] [26] [27] ) of 0.13 ± 0.01 without any background/dark-count subtraction. After the launcher, the heralded single photon state is collimated by a telescopic system, and then prepared (pre-selected) in the chosen state |ψ i by means of a calcite polarizer followed by a quarter-wave plate and a halfwave plate. The weak measurement is carried out by a 1 mm long birefringent crystal (BC x ), whose extraordinary (e) optical axis lies in the X-Z plane, with an angle of π/4 with respect to the Z direction. Due to the spatial walk-off experienced by the vertically-polarized photons, horizontal-and vertical-polarization paths get slightly separated along the X direction, inducing in the initial state |ψ i a small decoherence (below 1%) that keeps it substantially unaffected. Subsequently, the birefringent crystal BC c performs a phase compensation tuned in order to nullify the temporal walk-off generated in BC x . From the parameters g and σ of our system, we esti- mated p d = 0.0019 ± 0.0002. After the weak measurement is performed, the photon meets a Glan polarizer projecting it onto the postselected state |ψ f . Then, the photon goes to the detection device, a two-dimensional array made of 32 × 32 "smart pixels", fabricated in a cost-effective 0.35 µm standard CMOS technology. Each pixel hosts a 30 µm diameter silicon SPAD detector with 15% Photon Detection Efficiency (PDE) at 702 nm (peak PDE is 55% at 420 nm), and its front-end electronics for sensing and quenching the avalanche and counting the number of detected photons [28] . The SPADs are gated with 6 ns integration windows, triggered by the SPAD detector of the heralding arm; spurious detections within such integration windows are minimized thanks to the array's excellent Dark Counting Rate (DCR) performance (120 cps at room temperature, with just 3% hot pixels). A removable polarization tomographic apparatus [29, 30] is inserted between the Glan polarizer and the detector only when needed, i.e. to verify the fulfillment of the condition in Eq. (3). In Fig.3 is reported the plot of the quantity I of Eq. In order to demonstrate the validity of Eq. (2), we removed the polarizer realising M ψ f , so that we could estimate the probability Q(x) that a single photon prepared in any arbitrary polarisation state |ψ is detected at the position x after the weak interaction, a faithful estimation of P (x|P, M W ). This task was accomplished by sending the (tomographically complete) set of four different input states |H , |V , |+ =
(|H − i|V ) , and measuring Q(x) in absence of the polarizer performing the state post-selection. Then, we compared the measured Q(x) with the expected one obtained from the right side of Eq.(2); the function p n (x) is reconstructed by fitting the spatial profile in absence of the weak interaction (P 1|P, Π = 0), and the value of g is estimated maximizing the interaction (P 0|P, Π = 0). The validity of our approach is shown by the fidelity between the measured Q(x) and the expected one Q (e) (x), evaluated by sampling more than 230 points in the region where Q(x) is significantly non-zero, obtaining 0.997, 0.991, 0.994, 0.996 for the four input states |H , |V , |+ and |R , respectively. To confirm the quality of our reconstruction, we also performed a pixel-by-pixel proximity test of the two probability distributions for the pixels where the Q(x) is significantly non-zero. We define the proximity between the two distributions as:
As shown in Fig.4 , for all the input states the proximity between the two distributions is larger than 0.99 for almost every point, demonstrating that our experimental setup provides a faithful realization of the condition in Eq. (2) . Finally, to prove that the condition of Eq. (3) is fulfilled, we used the following method, based on the comparison between experimental probabilities collected in different conditions, in order to get rid of any possible bias due to quantum mechanical assumptions. First, we prepared a (tomographically complete) set of states and registered the detection probabilities P andP , obtained with the Glan polarizer projecting the single photon states onto |ψ f and its orthogonal |ψ f . For each input state |ψ , these probabilities are given by the photon counts divided by the trigger counts N T of the heralded single photon
). Second, we switched the position of the preparation stage and the birefringent crystals, in order to nullify the weak interaction without altering the optical losses in the system, and performed the same set of acquisitions. To get rid of any bias, proper dark counts and background noise subtraction is performed. For each input state, these two acquisitions correspond respectively to the evaluation of the quantities P PASS|P, M W , M ψ f and P PASS|P, M ψ f reported in Eq.(3). Concerning the third one, connected to the unknown measurement procedure M d , one can notice that by definition P (PASS|P, M d ) ∈ [0, 1], and thus one can write
giving an upper and lower bound to the parameter p d . The collected data allowed us to obtain (0.000021 ± 0.000014) ≤ p d ≤ (0.086 ± 0.050); the p d value derived by the system parameters fits perfectly in this range. As a further consistency check, we tested the output state after the sharp measurement M ψ f (realized by the Glan polarizer) by inserting the tomographic apparatus in the setup (see Fig.2 ), implicitly accepting some quantum mechanical assumptions. Such apparatus was exploited to perform two different experiments. In the first one, we used it to project the state after M ψ f onto ψ f andψ f . While we were able to detect a clear signal with the tomographic device realizing the same projection as the Glan polarizer (i.e. onto ψ f ), the amount of signal registered with the tomographer projecting ontoψ f was so small to be completely indistinguishable from the detector noise, as expected when photons undergo two subsequent projections onto orthogonal axes. This confirms that the sharp measurement process M ψ f is performing a projection onto the state ψ f . In the second experiment, instead, we performed the tomographic reconstruction of the state after the post-selection on |ψ f . We prepared a tomographically complete set of input states, i.e. |H , |+ , |L = 1 √ 2
(|H + i|V ) and |R , and tried to reconstruct via quantum tomography the state after the M ψ f measurement process. From the tomographic reconstructions we obtained states whose fidelities with respect to the chosen |ψ f were F H = 0.9995, Since all the conditions of the theorem presented in [21] have been verified, we can assess that the results of our experiment clearly violate the non-contextual bound for the quantity I in Eq.(4), providing a sound demonstration of the connection between weak values and the intrinsic contextual nature of Quantum Mechanics.
